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Abstract
Electro-rotation can be used to determine the dielectric properties of
cells, as well as to observe dynamic changes in both dielectric and
morphological properties. Suspended biological cells and particles
respond to alternating-field polarization by moving, deforming or
rotating. While in linearly polarized alternating fields the particles are
oriented along their axis of highest polarizability, in circularly polar-
ized fields the axis of lowest polarizability aligns perpendicular to the
plane of field rotation. Ellipsoidal models for cells are frequently
applied, which include, beside sphere-shaped cells, also the limiting
cases of rods and disks. Human erythrocyte cells, due to their particu-
lar shape, hardly resemble an ellipsoid. The additional effect of
rouleaux formation with different numbers of aggregations suggests a
model of circular cylinders of variable length. In the present study, the
induced dipole moment of short cylinders was calculated and applied
to rouleaux of human erythrocytes, which move freely in a suspending
conductive medium under the effect of a rotating external field.
Electro-rotation torque spectra are calculated for such aggregations of
different length. Both the maximum rotation speeds and the peak
frequencies of the torque are found to depend clearly on the size of the
rouleaux. While the rotation speed grows with rouleaux length, the
field frequency νp is lowest for the largest cell aggregations where the
torque shows a maximum.
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Introduction
The development of microdevices for ap-
plications in a wide range of biologically and
medically related technologies is increas-
ingly directed toward applying the advanced
technologies of microelectronic structuring
and fabrication. Such devices permit rapid
analyses of small volume samples and have
applications in medical and single-cell diag-
nostics or chemical detection. The biopar-
ticles are suspended in a stationary fluid, and174
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tion for the polarization of single-shell ellip-
soids has been previously derived for a seem-
ingly quite different case, i.e., the meteoro-
logical problem of dust particles covered
with a fluid layer (15), prior to the applica-
tion to biological cells (16,17). In order to
arrive at explicit solutions of the Laplace
equation, a homogeneous ellipsoid as the
only material body with a constant local
(internal) field has to be assumed. Integrat-
ing over this field leads to the induced dipole
moment, providing the exposure of the ellip-
soid to a homogeneous external field (18,19).
The induced dipole moment is directly re-
lated to force effects acting on the particle.
How precisely the frequency-dependent force
effects and corresponding spectra can be
reproduced depends on the precision of the
calculus for the local field and the dipole
moment.
However, many particles and biological
cells, including erythrocyte cell aggregates,
deviate from the ellipsoidal form, and in
order to account for these specially shaped
cells, more adequate models with shapes
close to short cylinders have to be consid-
ered (20,21).
Normal human erythrocytes are non-
nucleated biconcave disk-shaped cells of
about 6.6-7.5 µm in diameter with edges that
are thicker than the center part. Neither a
spheroid model of rotational symmetry nor a
spherical single-shell model approximates
the cell shape very well. The biconcave shape
Figure 1. A, Approximate shape
of a human erythrocyte with di-
ameter  2R and thickness d at
the outer rim of 2.2 µm. Neither
a prolate ellipsoid (spheroidal cell
model of rotational symmetry)
nor a spherical single-shell mo-
del approaches the shape of the
cell very well. B, Rouleaux for-
mation of erythrocytes adhering
side-by-side forming a cylindrical
body of variable length. While
the diameter 2R corresponds to
that of the single erythrocyte,
(2R  = 7.5 µm), the rouleaux
length    is proportional to the
stack number s of adhered red
blood cells, 2L x s. For s ≥ 4, a
short cylinder with cylinder sym-
metry axis of length           >  2R is
formed.
A
B
2R
  = 2L.s
various force effects are imparted on
them by the application of alternating cur-
rent electric fields for dielectric character-
ization, manipulation, trapping or separation
(1-12).
Calculations of the frequency depend-
ence of force effects are primarily based on
spherical or ellipsoidal models, the standard
approach to biological cells. In particular,
single-shell models with Maxwell’s stress
tensor (13) or the Laplace equation (14) are
used. Interestingly, the general Laplace solu-
Figure 2. Schematic representa-
tion of the electric field distribu-
tion for prolate ellipsoids (a > b
= c) in field direction E   
→ → → → →
0 (A). An
oblate ellipsoid corresponds to b
> a = c. B, Dielectric cylinders of
length 2L and diameter 2R.
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of erythrocytes is usually flatter than the
b/a-axis ratio of an ellipsoid would indicate,
since the curvature at the equatorial zone of
the cell is more critical for the polarization
than the actual axis ratio (see Figures 1A and
2). The determination of the induced dipole
moment for such a structure in the direction
of the rotation axis will be possible only with
a certain approximation, say, of a very short
circular cylinder (disk) of radius R and half
length L with L/R<<1.
A controlled formation of erythrocyte
doublets has been shown recently by electro-
fusion (22), leading to an axis relation of
2L/R = 0.534. Rouleaux formation (Figure
1B) dominates the dielectric behavior of cell
suspensions (23). Their size has been shown
to be of clinical relevance (24).
The aggregation of disk-shaped objects
to columns has a clear effect on the local
field and the induced dipole moment. While
the depolarizing factor in the direction of the
cylinder axis (parallel to the external electric
field) has a value close to 0 for L/R>>1, for
the short cylinder or disk, this value is closer
to 1.
It is important to visualize that the aggre-
gation of individual erythrocytes generates
columns of length l = s × d with d = 2L the
thickness of a single disk (d = 2.2 µm) and s
= 1, 2, 3, etc. Depending on the number s, the
axis ratio of the columns L/R, the depolariz-
ing factors f(q) and the induced dipole mo-
ments change correspondingly, and so does
the electro-rotation torque acting on the cell
aggregates.
Numerical methods most commonly used
for field characterization within a biological
structure are based on Mie theory (25-27) or
the finite element and the finite difference
time domain techniques. However, exten-
sive computer calculations are required
(7,28) and a simpler approach is desirable
and often sufficient.
The rouleaux formation of erythrocytes
due to side-by-side adherence of several in-
dividual cells translates into a cylindric cell
model of variable but discrete cylinder height.
Characterized by an integer factor of single
cell heights, the aggregation of two, three
or more cells changes the cell geometry
from oblate to prolate. Thus, the local field
and the polarization are affected consider-
ably.
In the present study we calculated the
electro-rotation spectra of erythrocytes un-
der the aspect of cell aggregates of different
stacking size. The multiplicity of these cell
aggregates can be monitored by electro-rota-
tion forces, and size-selective spectra ap-
pear, given a suitable suspending medium
conductivity and frequency of the applied
circular polarized electric field. The approxi-
mation procedure for dielectrics of general
shape, departing from the simple ellipsoid
approach, is included and applied to rou-
leaux of human erythrocytes of different
length.
The problem is of practical importance
since erythrocyte cell aggregation stems from
the fact that rouleaux formation is caused by
an increased blood concentration of fibrino-
gen, globulin or paraproteins. Associated
clinical disorders include acute and chronic
inflammatory disorders, macroglobulinemia,
and multiple myeloma.
Electro-rotation
A circularly polarized rotating electrical
field induces a circulating dipole moment in
a dielectric object. Due to ever-present dis-
persion processes in the exposed sample, a
spatial shift between the external field vector
and the induced dipole moment occurs. The
interaction of the out-of-phase part of this
dipole moment and the electrical field causes
a torque on the object.
Very often only frequency dependencies
of a physical measure are of interest. Thus, it
is sufficient to consider the Clausius-Mossotti
factor K(ω), which is the frequency-depend-
ent part of the induced dipole moment. The
torque is proportional to the imaginary part176
Braz J Med Biol Res 37(2) 2004
A. Zehe et al.
of this factor and describes the frequency
dependence of the rotation of an individual
cell under study in or against the rotation
sense of the external field.
The time-averaged rotational torque in
circularly polarized external fields, excerted
on a particle, is given by the vector product
of induced dipole moment and conjugate
field
                        (Eq. 1)
The induced dipole moment m    → is propor-
tional to the external field E, the suspending
medium permittivity ε
*
    m and the volume V of
the object. Let the principal axes of the (el-
lipsoidal) object be oriented parallel to the
vectors of the base system, and then m    →  will
be given by
(Eq. 2)
(i, r - imaginary and real part, respectively,
and j = (-1)1/2 - imaginary unit). With the
external alternating current field written E =
E0 × exp(jωt), and assuming that its compo-
nents  Ex, E y, E z are parallel to the same
orthonormal base system, it follows from
Equation 1 that
           (Eq. 3)
An electric field circulating at constant
amplitude in the x-y plane can be written as
                     (Eq. 4)
For  Ez considered to be zero, and as
established in practical cases, where one
of the principal axes of the ellipsoid is al-
ways perpendicular to the field plane, the
k-th component of the acting torque results
in
(Eq. 5)
For a homogeneous ellipsoidal particle,
the Clausius-Mossotti factor (19) in the x
direction is given by
 (Eq. 6)
where ε
*
    p, ε
*
    m are the complex permittivity of
the sample and the suspending medium, re-
spectively, and fx(q) is the depolarizing fac-
tor along this direction with q being a num-
ber describing the axis relation (29-31). The
Clausius-Mossotti factor is a measure of the
effective polarizability of the particle and
depends for fx(q) strongly on the geometrical
shape of the ellipsoidal object.
With ε the permittivity and σ the conduc-
tivity of a dielectric medium, the complex
permittivity is defined as
                       (Eq. 7)
Consequently, the Clausius-Mossotti fac-
tor depends on the frequency of the applied
field in addition to the dielectric properties
of particle and medium. When only frequency
dependencies are important in the study, it is
sufficient to consider K(ω) as the only fre-
quency-dependent part of the induced dipole
moment. Variations of this factor give rise to
the electro-rotation forces described in Ref.
5, which are unique to a special particle type.
This concerns not only intrinsic dielectric
properties, but also the geometrical shape
via the depolarizing factors fx. It is this latter177
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aspect that plays a particular role in the
present study.
Shape variation of the particles affects
K(ω), leading to readily achievable electro-
rotation spectra. The design and geometry of
the microelectrodes used to generate the ro-
tating electrical fields are of course impor-
tant factors to be considered. To determine
the orientation of particle movement, only
the directions (signs) of the torque compo-
nents corresponding to Equation 3 are
needed. The sign of the torque about the
z-axis, as considered in this report, is equiva-
lent to that of the frequency-dependent K(ω)-
term:
(Eq. 8)
Thus, if the imaginary component of m    → is
positive, corresponding to Equation 1, the
exerted torque will be negative and cause the
particle to rotate in a sense that opposes that
of the rotating field.
Calculation of the induced
polarization in linear rouleaux
In the Laplace model, a homogeneous
ellipsoid always exhibits a constant local
field. Integration over this field leads to in-
duced polarization and thus to expressions
related to the actions of force on the special
object. On the other hand, in such important
cases as a cube or a short cylinder it is
difficult to calculate the depolarization fac-
tors without accepting an ellipsoid to substi-
tute the shape of the object. But even then
the best shape to be used and the next ap-
proximation step are not a straightforward
choice. This chapter deals with an approxi-
mation procedure for the calculation of the
internal depolarization field E
→ → → → →
i (r   → ) in a mate-
rial body of general shape and a complex
dielectric constant ε
*
            p, which is brought into
an external field E
→ → → → →
0 (r
→ ), acting inside a medi-
um of dielectric permittivity ε
*
    m.
The problem can be formulated as
follows (see Figure 2): the local field E
→ → → → →
i (r   →     )
causes a polarization P
→ → → → →
 = ε0(ε
*     
    p − ε
*   
  m)E
→ → → → →
i . This
polarization generates on the surface ele-
ment ∆F
→ → → → → 
of the dielectric body a polarization
charge  ∆q= σpol.∆F= P
→ → → → →         .∆F
→ → → → →
, which by vir-
tue of the Coulomb law, together with the
unperturbed field E
→ → → → →
0 (r
→ ), produces the local
field of such a strength that
(Eq. 9)
The integration is carried out on the sur-
face of the dielectric body; ∆F
→ → → → →
 points out-
ward, and r   →     
12 combines the origin r   →     
1with the
integration element at r   → 
2. We assume the
relation between E
→ → → → →
0 ( r
→   ) and  E
→ → → → →
i (r   →    ) to be linear:
(Eq. 10)
In general, α (r
→  ) is a tensor since the
directions of E
→ → → → →
i and E
→ → → → →
0 are not necessarily
parallel. It further depends on the place in-
side the sample due to the locally different
action of the polarization charges.
In order to calculate P
→ → → → →
(r   →     ) or E
→ → → → →
(r   →     ) from
Equations 9 and 10, we assume that α does
not depend on r   →     .
The polarization established inside the
dielectric particle is due to the displacement
of electrical charges enforced by the field
E
→ → → → →
0(r
→ ). Surface charges are built up and coun-
teract the complete displacement which
would correspond to the field E
→ → → → →
0(r
→ ). We will
assume here that the whole set of charges
experiences the same displacement, which
means that in Equation 10, α = constant. We
further assume that the polarization vector
P
→ → → → →
points more or less towards the direction
of  E
→ → → → →
0 (r
→   ), i.e., we will consider the projection
of the field generated by the polarization
charges in the direction of  E
→ → → → →
0(r   →   ):178
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This α1 value allows us to consider a first
approximation of the polarization  P
→ → → → →
1, which
generates charges on the surface of the di-
electric and thus an additional field inside
the dielectric. The problem would be com-
pletely solved if the total field at any place
fulfilled the condition
                       (Eq. 12)
but, in general, the polarization P
→ → → → →
1  of the
first approximation step will not be suffi-
cient to describe the real situation, and a
field E
→ → → → →
1(r   →   ) will keep acting on the dielectric
with the effect of the additional polarization
P
→ → → → →
2(r   →   ),
(Eq. 13)
 P
→ → → → →
2(r     →   ) can be calculated with E
→ → → → →
1(r     →   ) in
the same way as P
→ → → → →
1(r   →   ) was calculated with
E
→ → → → →
0(r     →   ). The number of approximation steps
needed to achieve the best result depends on
the complexity of the shape of the dielectric
body, as well as on the allowed error of the
result.
We will apply this procedure now to a
cylinder-shaped object of the rouleau kind.
Exact solutions proposed by Fuhr et al. (11)
with a constant α are known for the sphere,
as well as the infinitesimal thin wire (needle),
and the infinitesimal extended disk (sheet).
When our approach is applied here, the first
approximation step (11) gives the exact so-
lution, as it should, when α(r     →   ) = α1 is a
constant.
The polarization of a prolate spheroid
(Figure 2A),  considered together with Equa-
tion 10 and the axis relation q2 = b2/(a2-b2),
yields
(Eq. 14)
An oblate ellipsoid yields
                                                        (Eq. 15)
and consequently with q → ∞ (or a = b = c)
we obtain α1 = 3/(ε
*
 p + 2ε
*
   m) for the sphere-
shaped dielectric body, and thus the known
result for the polarization vector
            
 (Eq. 16)
which would be a rouleau of length   = 2Ls
with s ≥ 4.
Not so straightforward is the situation in
the case of a short cylinder which would be
a rouleau of length   = 2Ls with s ≤ 4 (see
Figure 2B). As a first approximation, we
obtain
(Eq. 11)179
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Such a homogeneous polarization is the
first approximation and good enough only
for long cylinders with L>>R or for disks
with R>>L. Due to the choice of the center
point at z = 0, the P
→ → → → →
 generated field will be
too weak in the transversal plane at z = 0, but
along the z-axis at the limiting surfaces of
the cylinder it is too strong. A field  E
→ → → → →
1(r   →   )
remains as given in Equation 13, which de-
livers the depolarization at the cylinder top
and bottom surfaces in a second approxima-
tion.
The integrations involved in this step are
quite tedious and will not be presented here.
(Eq. 20)
We obtain
             (Eq. 19)
The surface charge density σ2 = ε 0(ε
*
 p -
ε
*
   m)α2 E
→ → → → →
1⊥ when added to σ1 has the effect of
reducing the charge density of the side sur-
faces, but increasing it on the cover area
close to the side surfaces.
The dipole moment of the cylinder of
length 2L in a second approximation yields
then Equation 20:
By comparing this equation with Equa-
tion 10, an analytical expression for α is
found after two approximation steps and can
be used for rouleaux of different length.
Electro-rotation torque calculation
and discussion
The frequency response of the electro-
(Eq. 17)
 (Eq. 18)180
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Figure 3. A, Electro-rotation
spectra of erythrocyte rouleaux
of different lengths           = s x 2L, at
medium conductivity σm = 100
mS/m. 2L = 2.2 µm is the thick-
ness of a single erythrocyte. The
vertical axis displays a measure
of the acting torque. Only the
spectral range of positive torque
is shown, where no membrane
effects are involved. Cytoplasm
parameters are εp = 50 and σp =
0.535 S/m. B, Same as A, but
the medium conductivity is re-
duced to σm  = 1 mS/m. The
maximum torque on the par-
ticles is increased up to a factor
of three.
rotation torque on linear erythrocyte cell
arrangements in rouleaux is governed by the
corresponding Clausius-Mossotti factor,
which is related to α (Equations 10 and 20) by
                   (Eq. 21)
In the limiting cases of a long cylinder with
α = 1/ε
*
    m, a sphere with α = 3/( ε
*
    p + 2 ε
*
    m) , and a
disk with α = 1/ε
*
    p, respectively, the relations
known for ellipsoids are of course reproduced.
In the present case, the rouleaux are approxi-
mated to solid homogeneous cylinders of length
  = 2L × s (Figure 1C) with a relative permit-
tivity εp = 50 and conductivity σp = 0.5 S m-1
(32). For s ≥ 4, the aggregation length corre-
sponds to short cylinders whose symmetry
axis lines up with the external electric field
vector, while for s ≤ 3 a reorientation will
occur with the erythrocyte radius vector now
in parallel to the external field. By applying the
given electrical parameters, a plot of the fre-
quency variation of the polarization factor
estimated from Equation 20 was calculated as
a function of frequency and rouleaux-length
parameter s in medium conductivities of σm =
1 mS/m and 0.1 S/m, respectively.
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Only the high frequency (positive torque)
part is shown, which reproduces the cell
behavior without accounting for the electri-
cal properties of the cell envelope, but dis-
plays the effect of different rouleaux lengths.
Figure 4. Peak frequency νp of
the maximum torque on a rou-
leaux of length   = s x 2L, where
s  = 1  to 20 characterizes the
length of the cell aggregation.
At s ≤ 3 the particle rotation axis
is the rouleaux cylinder axis,
while for s ≥ 4 the erythrocyte
radius vector is the rotation axis.
Medium conductivities are intro-
duced as parameters: σm = 0.1
S/m (filled circles); σm = 0.05 S/m
(open squares); σm = 0.01 S/m
(filled triangles); σm = 0.001 S/m
(open circles).
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and depends of course on the dielectric data
of cell and medium, as well as on the cell
shape via the depolarization factor f(q). Mem-
brane data do not interfere with the high-
frequency part of the spectrum.
The fitting of theoretical electro-rotation
spectra to experimentally determined data
might require the consideration of hydrody-
namic friction. Indeed, the counteracting fric-
tional force will increase with cell volume
too, and smaller rotation speeds are meas-
ured.
The peak frequency νp of the rotation
spectra for different rouleaux lengths is pre-
sented in Figure 4, showing a shift to lower
values with increasing length parameter s.
While these shifts are more pronounced be-
tween short rouleaux s ≥ 4, a computer dif-
ferentiated presentation [dT(ω)/dω] would
indicate with high precision the frequency
maxima and their correlation with the length
parameter s. In order to understand the posi-
tive peak frequency shift in νp for values  s =
1 to 4, one has to consider the orientation of
the main (longest) particle axis with respect
to the rotating electric field vector. Since the
The results are shown in Figure 3. The de-
pendence of the peak rotation speeds on the
rouleaux size for a certain medium conduc-
tivity is given by the maximum value of each
curve in this figure. Its theoretical height is
(Eq. 22)182
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